We investigate the magnification due to refraction of the apparent horizontal sizes of finite celestial bodies, such as the Sun or Moon. Two models are discussed and compared with the earlier works of Biot and Chauvenet. It is shown that the apparent horizontal size of the object varies with respect to its true horizontal size as a function of altitude or zenith distance, from a reduction of about 0.0276% at the zenith, to an amplification of about 0.0045% when the object appears just at the horizon (namely, when the true altitude γ is negative and related to the corresponding refraction R by γ ¼ −R). It is also shown that the apparent horizontal size is equal to the true size when the true altitude γ is related to the corresponding refraction R by γ ¼ −R=2. Thus, the total magnification (and reduction) range for differently sized objects is about 0.032%-0.033% and depends on the refraction.
Introduction
The vertical displacement of an object in the sky due to atmospheric refraction is calculated from the apparent altitude of the object. The first useful refraction model can be traced back to Cassini [1] , although he used a model atmosphere of uniform density and finite height. But even models with more realistic density distributions produced very similar refractions within 75°or 80°of the zenith-a result finally explained by Oriani [2] . The importance of the lapse rate in the lowest parts of the atmosphere for refraction near the horizon was first pointed out numerically by Atkinson [3] [4] [5] and analytically by Biot [6] ; for modern discussions, see Young [7, 8] .
Atmospheric refraction displaces objects vertically, so that for astrometry of pointlike objects, such as stars or satellites, we only need to calculate their vertical refractions. The corresponding vertical magnification is an easily observed distortion of the Sun and Moon when they are near the horizon. However, the convergence of the vertical circles toward the zenith and nadir also produces both horizontal distortions of such finite-sized objects, and horizontal separations of stars on the sky. This second-order effect is not so simple, so we will investigate how the horizontal magnification depends on the zenith distances and angular sizes of such finite-sized objects. It turns out that the horizontal size appears smaller than the unrefracted one above the horizon, but increases near the horizon, even becoming larger than the true size.
Biot [9, 10] probably was the first to mention the horizontal magnification of the Moon due to refraction. He tried to calculate the lunar disk's distortion from the vertical refraction, and found that the horizontal size change at zenith distance Z could be estimated from
0003-6935/10/142720-08$15.00/0 © 2010 Optical Society of America where Δ is the observed horizontal diameter at the apparent zenith distance Z, Δ 0 is the true diameter at the true zenith distance Z 0 ¼ Z þ R, and R is the refraction. (A similar treatment in English is given by Main [11] , who seems to have based his discussion on Biot's.) At moderate zenith distances, where the refraction is small and very nearly equal to ðn − 1Þ tan Z, one can expand sinðZ þ RÞ and set cos R to unity. Then the ratio of the true and apparent horizontal diameters turns out to be just the refractive index of air, n, which is about 1.0003. However, near the horizon, these convenient approximations fail, and a more complicated treatment is necessary.
Biot's argument shows that there should be slight changes of the apparent horizontal size because of refraction. However, his diameter Δ 0 is measured along a small circle (the almucantar passing through the Moon's center) rather than a great circle, so its accuracy is not clear, especially when the true zenith distance approaches zero.
The contractions of the inclined and horizontal semidiameters of the Sun and Moon are also discussed by Chauvenet [12] . "For zenith distances less than 85°" the contraction of the inclined semidiameter ΔS q is given by
where ΔS 1 is the contraction of the vertical semidiameter, ΔS q is the contraction of the inclined semidiameter, and q is the inclination angle. Chauvenet's formula [Eq. (2)] gives zero contraction for the horizontal semidiameter, so a different approach was necessary. Like Biot, Chauvenet treat ed this contraction by using the displacement due to refraction along the vertical circles, which converge toward the zenith. He suggested that "for all zenith distances less than 85°, the contraction of the horizontal semidiameter is very nearly constant and equal to one fourth of a second," and when "the body is in the horizon," the contraction is equal to zero. The discussion is only approximate and, even though the contraction is very small, it should be more precise.
Two Approaches to the Horizontal Magnification
This paper presents two similar geometrical interpretations of atmospheric ray tracing that lead to the refractive change of the apparent horizontal size of an object. The common scheme for both models, which are similar to Biot's scheme, is shown in Fig. 1 .
The observer is on the Earth's surface, at the origin of the horizon-zenith coordinates. The zenith axis goes through the Earth's center and the observer; the horizon axis lies in the horizontal plane (perpendicular to the zenith axis) at the observer, and points toward the center of a finite-sized celestial object.
From the symmetry of atmospheric refraction and atmospheric models about the center of the Earth, we can assume that the vertical plane, defined by the zenith axis and the direction to the center of the object, also contains the slightly curved refracted ray. Assume also that the object is represented by its projection on the sky. With these assumptions, we can determine the angular difference between the directions toward two points on the object and their real ray traces. Figure 2 shows the vertical and horizontal components of these angles.
The vertical component, Fig. 2(a) , is the usual angular change due to atmospheric refraction. This produces the (vertical) flattening of the Moon and the Sun near the horizon [8] . All the rays are in the same vertical plane, and the flattened diameter is
where α is the true angle between two points, α 0 is the apparent angle, and the refraction R is a function of angular altitude γ above the horizon.
Notice that we follow Chauvenet's notation, using primes to denote values affected by refraction, rather than Biot's convention, which is the reverse. Biot was evidently taking the point of view of an observer who must correct his measurements for refraction, while Chauvenet took a theoretician's approach.
The horizontal component, Fig. 2(b) , is the subject of this paper. It can be seen that the dihedral angle β (cf. Fig. 3 ) between two vertical planes, each defined by the direction toward a point on the object and the zenith axis, is the angular separation of the two points when the altitude γ is equal to 0. When γ is not equal to 0, both the true angle α between points on the object and the apparent angle α 0 affected by refraction are related to the dihedral angle between these two planes, and can be found from it. Figure 3 shows two ways to find this α → α 0 relation for the horizontal diameter.
A. Great-Circle Approach: Figure 3 The first method, like Chauvenet, assumes that the horizontal distance between two points on the finitesized object is measured along a great circle on the sky, and that the midpoint of the arc between these points has the true altitude γ. In this case, the x axis points toward the projection of the center onto the horizon plane. The altitude γ is the dihedral angle between the horizon and the plane of the arc. It can be seen that the true altitude ψ of the measured points is less than γ, and depends on the value of the horizontal angle α between the points on the object. In this method, the apparent altitude of the measured points is equal not to γ þ RðγÞ, as might be expected, but rather to ψ þ RðψÞ, where RðψÞ is the refraction as a function of true altitude.
Using spherical coordinates and the cosine theorem applied to vectors on the unit sphere, this approach gives the following set of initial equations:
whence (see Appendix A for the derivation)
where β is the difference in azimuth between the ends of the measured arc. From these equations, the following α → α 0 relationship is derived:
This relationship shows that, above the horizon, the apparent horizontal angle α 0 =2 is actually smaller than the true angle α=2. When the object goes below the horizon, its apparent size increases and can become larger than its true size.
To obtain unit magnification (i.e., α 0 ¼ α), the obvious solution is ψ ¼ −R=2, which does not depend on α and is valid for any object size. The true and refracted positions are symmetrically placed on either side of the astronomical horizon, so symmetry makes the refracted image the same horizontal size as the object.
In terms of γ and R, we have the condition for unit magnification:
For small α, sinðα=2Þ ≈ 0 and cosðα=2Þ ≈ 1, and the equation can be simplified to
whence γ ¼ −R=2, which puts the object below the horizon. Here again, refraction R is a function of the true altitude ψ. However, for small α, the third equation of the set of Eqs. (5) shows that ψ ≈ γ, so the corresponding refractions should have similar values. The approximate solution γ ¼ −RðψÞ=2 can be evaluated by comparing RðψÞ with −2 · γ at different values of α. Close similarity of the two quantities guarantees that the approximate solution is valid. We used two methods to calculate the refraction: Hohenkerk and Sinclair's [13] , and Kivalov's Improved model [14] , discussed in Subsection 3.A. The difference between the quantities becomes very small for α ≤ 1°, and is less than 4 × 10 −5 for Hohenkerk and Sinclair's method and 2 × 10 −5 for the Improved method. With increasing α, the value of −2 · γ increases; for α ≥ 3°, the difference becomes about 10 times larger, and is more than 1:7 × 10 −4 for both methods. It can be concluded that the approximate solution for γ in terms of R is satisfactory for α ≤ 1°, where ψ ≈ γ. It happens that, for both numerical methods, both RðψÞ and ψ are almost constant in the observed α interval from 0:01°to 15°, and their values depend on the numerical method. The second method assumes, like Biot, that all the points are located at fixed altitude (i.e., along an almucantar), so that not only is the true altitude of the measured points fixed and equal to γ, but also their apparent altitude is fixed and equal to γ þ RðγÞ, where RðγÞ is the refraction as a function of true altitude. Instead of the sloping plane of the first method, the directions toward the measured points on the object lie on a cone of constant altitude, with its vertex at the observer and half-angle π=2 − γ. It is clear in this case that the center of the great-circle arc between the measured points has an altitude greater than γ.
It should be noted that Biot's solution [Eq.
(1)] is exact if arc lengths are measured along almucantars. The length of an almucantar arc L alm on the unit sphere (r ¼ 1) depends on the altitude of the almucantar plane above the horizon (or its complement, the zenith distance Z):
gives the ratio of lengths of two almucantar arcs.
However, the angle α at the center of the unit sphere is actually proportional to the length of the corresponding great-circle arc L gc :
From the second expression in Eq. (5), we obtain
for angles α, which differs from Biot's relationship for the length of the almucantar arcs. Because here, Z ¼ π=2 − ψ, this relationship can also be used immediately to derive the formula [Eq. (6) ] for the greatcircle approach. It can be seen that there is no difference between Biot's approach and ours at the zenith and the horizon. At the horizon, the almucantar is the horizon itself, which is a great circle; at the zenith, the two points are symmetrical about the zenith, so of course the arc joining them is again a great circle (i.e., a vertical circle, passing through the zenith). But there is a difference between the approaches for all other angles.
Our
Using spherical coordinates and the cosine theorem applied to the vectors on the unit sphere, this approach gives the following equations:
whence the α → α 0 relationship is
The apparent horizontal sizes here behave much as in the first approach. Also, the apparent and the true sizes of the object are equal when the coefficient of cosðα=2Þ is equal to 1 and the term in square brackets is equal to 0. This happens either when R ¼ 0 (which puts the object in the zenith), or when γ ¼ −R=2 (which puts the object below the horizon). Once again, the refraction R is a function of the true altitude γ; but here, the result does not depend on α.
C. Relations among the Unit-Magnification Conditions
We have derived three slightly different conditions for unit magnification: the exact solution ψ ¼ −RðψÞ=2 and its approximation γ ¼ −RðψÞ=2 from the great-circle approach (a), and the very similar γ ¼ −RðγÞ=2 from the almucantar approach (b). The exact expressions from both approaches deal with the true altitudes ψ and γ, and the corresponding refraction values RðψÞ and RðγÞ, and do not depend on the size of the object, α. The altitude γ of the central point on the connecting great-circle arc does not appear in the solution ψ ¼ −RðψÞ=2, as only the measured end points of the arc are important. The approximation γ ¼ −RðψÞ=2 is valid for small α ≤ 1°, and connects the two unit-magnification solutions to each other, taking account of the central point's altitude in approach (a). For small α, ψ ≈ γ, and the horizontal magnifications estimated from all these formulas should be close to each other near the horizon.
D. Objects Near the Zenith
When the finite-sized object is close to the zenith, two cases must be considered. In the first, the zenith lies outside the object; in the second, the zenith lies within the object. Figure 4 shows these two cases.
The first case, Fig. 4(a) , guarantees that there are two distinct planes drawn for any two points of the object (except for "radial" points, both lying on the same great circle going through the zenith). This case can be dealt with using the derived formulas. By construction for the "radial" points, the standard vertical-refraction formula can be applied.
If the object is so near the zenith that the zenith lies within it, as in Fig. 4(b) , both measured points can be located on the same great-circle arc with the zenith. In this case, two distinct planes containing these points and the zenith cannot be drawn, and we have the vertical degenerate case. However, as the zenith plane is vertical, the standard vertical refraction of Eq. (3) should apply to both of these points, and the apparent distances will be smaller than the true ones.
At the zenith, γ ¼ π=2. Substitution of this γ transforms Eq. (6) of approach (a) into the standard expression for the vertical magnification [Eq. (3)], and the third expression of Eqs. (5) into ψ ¼ π=2− α=2, which relates the true altitude of the point to its true angular zenith distance. So Eq. (6) can be considered a natural horizontal magnification expansion, which includes the vertical magnification of Eq. (3) as a degenerate case.
Considering approach (b), the unit-magnification solution R ¼ 0 corresponds to the zenith case but is inapplicable. As R depends on the true altitude γ, R ¼ 0 means that γ ¼ π=2, corresponding to the vertical degenerate case: the zenith is within the object, and one great circle contains both measured points and the zenith. The standard verticalrefraction Eq. (3) applies in this degenerate case.
So there is no such solution in the zenith; either Eq. (8) does not apply to the horizontal magnification near the zenith, or it has a removable singularity in the vertical degenerate case, because cos γ → 0 when γ → π=2. 
Calculation and Comparison

A. Refraction Formula Choice and Comparison
To evaluate the horizontal magnification, two numerical schemes for refraction calculation were evaluated. The first scheme uses the algorithm recommended by Auer and Standish [15, 16] and implemented by Hohenkerk and Sinclair [13] . This was specially designed to work at large zenith distances, but it also gives good results for the entire zenith distance range (except 0) for different atmospheric conditions. It is based on the atmospheric model used by Sinclair [17] for a wide range of temperature, pressure, and humidity conditions. The second scheme is based on the Improved raytracing air-mass method [14] developed for air-mass calculations for the entire zenith distance range, but modified for refraction calculations. It assumes standard conditions from the U.S. Standard Atmosphere (1976) [18] (at sea level P ¼ 1013:25 hPa, T ¼ 288:15 K, ρ ¼ 1:225 kg=m 3 ). For consistency, n ¼ 1:000277 was used for the refractive index of air at sea level.
The conducted refraction comparison shows that the difference between the Hohenkerk and Sinclair model and the Improved model is regular, gradually decreasing with increasing zenith distance. This difference needs an additional investigation.
Looking at the differences in the calculations, Hohenkerk and Sinclair's program was used as the basis for the magnification value calculation and comparison.
B. Maxima and Minima of the Horizontal Magnification
It was shown in Section 2 that magnification approaches (a) and (b) gave relationships between the refraction and true altitude for unit horizontal magnification: γ ¼ −RðγÞ=2 and ψ ¼ −RðψÞ=2. They are valid for apparent positions within a degree above the horizon. So the unit-magnification solutions lie within the zenith-horizon apparent altitude interval. This interval is compact. Equation (6) from approach (a) is a continuous function on this interval and is decreasing on it, so that both the minimum and the maximum (of this function) of apparent angle α 0 should be located inside the interval. The function of Eq. (8) from approach (b) is also decreasing on this interval, but it has a removable singularity at the zenith when R ¼ 0 so it cannot give any useful information about the minima on this interval, so that only approach (a) will be considered for investigating extrema. Table 1 presents the minimal and maximal apparent angles α 0 for approach (a), using Hohenkerk and Sinclair's program, at three visible wavelengths (red light, λ ¼ 0:7 μm; yellow light, λ ¼ 0:574 μm; blue light, λ ¼ 0:47 μm) and several true angles α. The values are truncated to six or seven decimals.
The minima are located at the zenith, where only vertical refraction occurs; this refraction is slightly larger for shorter wavelengths. The changes in apparent horizontal size of the object with altitude are similar at different wavelengths: the apparent horizontal size of the object is smallest at the zenith, and gradually becomes larger as it approaches the horizon. The maxima for the apparent horizontal size occur on the horizon, where the apparent altitude is equal to zero.
From the minima and maxima in Table 1 , it can be seen that the larger refractions in blue light led to smaller minimal and larger maximal apparent angles, so that larger refractions led to a larger magnification effect for the apparent horizontal size of the object. Table 2 presents the reductions, amplifications, and the total magnification ranges for different wavelengths. Even though the minimal and maximal values from Table 1 are different, it can be seen that the reductions, amplifications, and the total magnification ranges (e.g., the total magnification effect) are almost constant for each wavelength, and depend weakly on α.
The total magnification ranges are about: 0.0321% (red light); 0.0323% (yellow light); 0.0326% (blue light).
Conclusion
This work shows a weak horizontal magnification effect due to refraction for finite-sized objects. For the visible spectrum, the magnification ranges are from 0.0321% (red light) to 0.0326% (blue light) and depend weakly on the true size α. Larger refractions lead to larger horizontal magnification effects. The apparent horizontal size of an object is smallest at the zenith, and gradually becomes larger as the object approaches the horizon. It becomes larger than the true size of the object just above the horizon, when the true position is below the horizon and is lower than the unit-magnification level ψ ¼ −RðψÞ=2, where ψ is the true altitude of the measured points.
Appendix A
To derive Eq. (5), refer to Fig. 3(a) , where β (β=2) is the dihedral angle between two vertical planes, and αðα=2Þ is the angle to be found in the slanted plane. Also, γ is the dihedral angle between the horizontal and the slanted plane, and ψ is the angle in the second vertical plane toward the measured point. Looking at it, we have four vectors on the unit sphere expressed through the spherical coordinate angles:
horizontal-center of the measured interval, A ¼ ð1; 0; 0Þ; horizontal-measured point, B ¼ ðcos β; sin β; 0Þ; slanted-center of the measured interval, A 0 ¼ ðcos γ; 0; sin γÞ; and slanted-measured point, B 0 ¼ ðcos β · cos ψ; sin β · cos ψ; sin ψÞ.
The angle between A and B is the dihedral angle βðβ=2Þ. The angle between A 0 and B 0 is the αðα=2Þ to be found, so, from the cosine theorem,
Now we need to express ψ through γ. The natural formula for it is
We use this to write cos ψ in terms of sin ψ, taking positive signs for functions for angles less than 90°:
which is the third expression from Eq. Notice that we have cos α on both sides. Moving sin β to the left,
which is the second expression in Eq. (5) in the text.
